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Leveraging the decomposability of the fast Fourier-transform, I propose a new class of tensor network that is
efficiently contractible and able to represent many-body systems with local entanglement that is greater than the
area law. Translationally invariant systems of free fermions in arbitrary dimensions as well as 1D systems solved
by the Jordan-Wigner transformation are shown to be exactly represented in this class. Further, it is proposed
that these tensor networks be used as generic structures to describe more complicated systems, possibly leading
to highly-efficient calculations in the Fermi-liquid phase. This class shares some similarities with Evenbly &
Vidal’s branching MERA, but with some important differences and greatly reduced computational demands.
PACS numbers: 05.10.Cc, 71.10.Fd, 71.18.+y

INTRODUCTION

Solving strongly-correlated many-body systems is one of
the primary challenges of modern quantum mechanics that
arises in a wide variety of fields and contexts. Because direct approaches are usually intractable, an array of analytical
and numerical techniques and approximations have been developed over the last century, each associated with its own
region of validity, accuracy and difficulty.
One relatively modern approach is based on tensor network
decompositions of many-body wavefunctions [1–4], motivated by our understanding of quantum information in this
context. By decomposing the wavefunction into a particular
product of tensors, one defines the structure of entanglement
that is permitted (for example, the low-energy states of many
local Hamiltonians obey an area law scaling for entanglement
entropy [5–8]). Typically, one applies the variational principle
within this class of wavefunctions to determine, for example,
the tensor network state closest to the ground state. Increasing
the rank of the decomposition increases the amount of allowable entanglement, and potentially leads to a more accurate
description of the many-body state.
A wide variety of tensor network geometries have been proposed, beginning with the matrix-product state (MPS) [9–11]
that is the foundation of the famous density matrix renormalization group [12] and Wilson’s numerical renormalisation
group [13]. This one-dimensional structure connects nearest neighbors in a chain, and is extremely accurate for 1D
systems that have spatially-local correlations (proven to be
exponentially close to the low-energy states of gapped, local 1D Hamiltonians [5]). Real-space renormalization group
ideas lead to the development of the tree-tensor network
(TTN) [14, 15] and the multi-scale entanglement renormalization ansatz (MERA) [16, 17]. The MERA in particular is
able to reproduce larger amounts of entanglement such as that
necessary to describe critical, 1D quantum systems — and has
been found to correctly reproduce the features of the corresponding universality class at the renormalization fixed-point,
as described by conformal field theory [18].

Extensions to higher dimensional systems are also possible.
Although the MPS and TTN do not have the correct geometry
to represent the area law for large 2D systems [15, 19, 20],
the MPS can be generalized to to a two-dimensional tensor
network state commonly referred to as a projected entangledpair state (PEPS) [21–23]. The MERA is also generalized to
higher dimensions in a straightforward fashion [24]. All the
above techniques have shown success in solving 2D systems
(e.g. [25–28]), but are somewhat handicapped by relatively
large computational demands for even slightly-entangled systems.
Furthermore, both PEPS and the 2D MERA are limited to
obey the area-law for entanglement entropy, where the entanglement entropy of a region is proportional to its boundary
area (or perimeter, in 2D). This excludes important classes of
physical systems which violate the area law — notably any
2D system exhibiting a 1D Fermi surface (resulting in a logarithmic violation [29]), and exotic phases such as Bose metals [30–32].
This situation left the field of tensor networks in an awkward position, unable to accurately deal with what many outside the field consider to be the simplest models of noninteracting free-fermions, and their perturbations (i.e. Fermi
liquids). More recently, a new class of tensor network that exhibits very large amounts of entanglement (up to volumetric)
was proposed by Evenbly & Vidal, which they have dubbed
the ‘branching MERA’ [33]. However, its properties and relationship to Fermi liquids has not been determined, as far as
the author is aware.
In this work, I propose a new tensor-network geometry that
mimics the structure of a spectral transformation and includes
the quantum Fourier transform (for fermions) as a trivial example. Up to a reordering of the lattice indices, this ‘spectral
tensor network’ can be seen to be a generalization of TTN,
or equally a simplification of branching MERA, and local expectation values can be extracted from a wavefunction of n
lattice sites in time n log n. Similarly, it is related to previously suggested circuits for use in linear-optics quantum computing [34] and its fermionic analogue [35]. Here, I will give
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exact wavefunctions for translationally-invariant free fermion
systems in arbitrary dimensions as well as examples of 1D
systems that are exactly solvable via Jordan-Wigner transformations (Heisenberg XX chains, transverse-field Ising model,
etc). I will then describe a procedure for approximating the
ground state of arbitrary local Hamiltonians in an efficient
manner, which may be particularly relevant to simulations of
2D systems in the Fermi liquid phase, before concluding with
remarks on future directions.
FOURIER TRANSFORMATIONS AND THE SPECTRAL
TENSOR NETWORK

We now discuss the unitary circuit required to transform a
quantum lattice system between real- and momentum-space,
and write it as an efficiently-contractible tensor network. The
discrete Fourier transform has long been known to be decomposable into a series of sparse operations [36], in a technique
generally referred to as the fast Fourier transform (FFT). Here
we will leverage this decomposition to describe the unitary
circuit for the quantum Fourier transform of fermionic lattice
models (similar to [35]), and show that local expectation values of wavefunctions based on this circuit can be efficiently
determined.
We begin with a chain of n = 2k sites possibly containing a spinless fermion, that begin in the product state
|Ψ0 i = |ψ1 i|ψ2 i . . . |ψn i. The Fourier transform can be decomposed in a series of k steps, with two-site gates acting on
pairs of sites separated by distance 2k−1 , 2k−2 , . . . , 2, 1, followed by a (bit-reversal) reordering. The two-site gates, we
will show, consist of the fermionic two-site Fourier transform
F̂2
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0
0
 0 2−1/2 2−1/2 0 

F̂2 = 
(1)
 0 2−1/2 −2−1/2 0  ,
0
0
0
−1
written above in the number basis {|00i, |01i, |10i, |11i},
combined with a the one-body phase-gate, ω̂ba = Ẑ 2a/b (Ẑ =
1̂ − 2n̂ is the Pauli matrix, n̂ being the occupation operator),
where the phases are commonly called the ‘twiddle factors’.
Two example circuits for 8 sites are given in Fig. 1, displaying
the freedom in choosing the order of the layers. The structure of the circuit is identical to the Cooley-Tukey fast Fourier
transform [36] and the determination of the twiddle factors is
well studied in classical computer science. It is easy to verify
that the circuit produces the correct transformation because
it is (a) linear in the field operators, and (b) performs the correct transformation on the single-particle subspace, in analogy
with the classical FFT.
This circuit corresponding to the inverse-Fourier transform
can be applied to an (unentangled) product-state wavefunction
in momentum space to yield a (highly-entangled) wavefunction in real space, as depicted in Fig. 2. I call this tensor network structure a ‘spectral tensor network’, and the wavefunc-

FIG. 1: (Color online) Unitary circuit for performing the quantum
Fourier transform on 8 fermionic sites, F̂8 . The red gates are the twosite Fourier transform, F̂2 . The layers can be permuted, resulting in
different ‘twiddle factors’ ω̂ba and reorderings. The reordering of the
sites at the top or bottom of the circuit is given by the bit-reversal
operation.

FIG. 2: (Color online) The (inverse) Fourier transform on 16 sites
applied to a product momentum-space state is redrawn as a spectral
tensor network. At the bottom, the sites are reordered according to a
bit-reversal permutation (dotted lines). Working upwards from there,
two-body unitaries disentangle the state into two separable systems
(emphasized by the wide red barriers). The process is repeated successively until a product state is reached.

tion is a spectral tensor network state. In general, the connectivity of the diagram is that of a hypercube with side length
2 (even in higher spatial dimensions). Ignoring completely
the permutation of sites at the bottom of Fig. 2, the state resembles a branching MERA with half of the gates removed
(making it significantly cheaper to contract), or similarly a
generalized TTN. However, the site reordering turns the traditional concept of real-space renormalization on its head, as
the tensor network couples sites with maximal separation first
(an intuitive explanation is more likely to come from the decomposition of the Abelian group corresponding to translation
invariance).
More generally, a (linear) circuit with the same structure can be applied to bosonic, fermionic and possibly anyonic states. For bosons, F̂2 is the beam-splitter operation
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that maps two√input annihilation operators (â1 , â2 ) to (â1 +
â2 , â1 − â2 )/ 2, while the phase gate Ẑ a/b transforms â1 to
(−1)a/b â1 . Unlike fermions, the bond dimension is not fixed
at two and in general can grow as large as the total number of
particles in the system (and thus becoming numerically inefficient — though this has already been suggested as a powerful tool in linear-optics quantum computation [34]). For
fermions, the gates perform a similar linear transformation on
the fermionic mode operators as for bosons, but notice that
F̂2 |11i = −|11i because of the anti-commutation relations
of the creation/annihilation operators. One must also respect
the correct statistics of the degrees of freedom in the tensor
network diagram by performing the appropriate permutation
operation when two wires cross (specifically, introducing a
phase of −1 whenever an odd number of fermions cross [37–
40]). It would be interesting to determine if the structure is
applicable to anyonic models, with more complicated gates
and permutation operations (like bosons, the bond dimension
may not be bounded for large systems). Note that this transformation is not related to the quantum Fourier transformation
on qubits used in the quantum computing community.
For systems of higher dimensions, the Fourier transform
along each dimension can be applied sequentially along parallel wires. Furthermore, the individual layers of the transforms
can be reordered, for instance to recover an alternating structure with gates along the x, y, etc dimensions at each length
scale, as shown in Fig. 3.
Together, this gives us a prescription for describing
translationally-invariant free-particle systems in arbitrary dimensions, because these Hamiltonians are exactly diagonalized by the Fourier transform. In particular, we have a tensornetwork wavefunction for free fermions in arbitrary dimensions. As is well known, such wavefunctions can exhibit
quasi-long range correlations (polynomially decaying) and
logarithmic violations to the area law. Nonetheless, we now
show that extracting local expectation values from these wavefunctions can be achieved by an efficient tensor network contraction scheme, scaling (essentially) linearly with n.
First, we take advantage of the unitary nature of the tensors to vastly simplify the calculation of expectation values
of local operators. In Fig. 4 we see the tensor network corresponding to the expectational value of a single-site operator.
In general, the number of tensors reduces from O(n log n) to
O(n) and by contracting the remaining tree structure from the
outside-in, the value can be calculated with computation cost
O(χ5 n) (where χ is the dimension of the local Hilbert space).
Full details of the contraction are found in the Appendix. Further, a set of all one-site expectation values (or indeed, every one-site reduced density matrix) can be calculated with
cost O(χ5 n log n) by recycling previous calculations. In general, arbitrary two-site expectation values can be calculated
with cost O(χ8 n) (see Appendix), and using similar recycling
techniques all two-body correlations in a translationally invariant system can be recovered with cost O(χ8 n log n). For
the systems we study here, both ground states and (grandcanonical) thermal states can be studied because the transfor-

FIG. 3: (Color online) Unitary circuit for performing the Fourier
transform on a 2D square lattice system of 4 × 4 sites. There is significant freedom in choosing the order of the transformation layers.

FIG. 4: (Color online) The tensor network corresponding to the expectation value of a operator with support on a single site out of 16.
Most of the tensors cancel due to unitarity, leaving a network that
is contractible with cost O(χ5 n), where χ is the bond-dimension of
the wires and n is the number of sites.

mation exactly diagonalizes the Hamiltonian.
As an example, we examine free-fermions in 1D and 2D
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FIG. 5: (Color online) (a) The first-order and second-order normalized correlation functions g (1) and g (2) for the ground state of a 1D
system of free fermions (103 fermions on 1024 sites). (b) Secondorder normalised correlation function g (2) for a 2D system of free
fermions (2093 fermions on a 512 × 512 lattice). In both cases the
distance (∆x and ∆y) is normalized to the mean particle spacing.

with nearest-neighbour tunneling
X †
ĉi ĉj + h.c.
Ĥ = −

(2)

<i,j>

where <i, j> corresponds to neighboring sites on the lattice
with i < j (or similar in higher dimensions). We create the
ground state wavefunction for a low filling factor and calculate
the normalized first- and second-order correlation functions:
g (1) (∆x) =

hĉ†0 ĉ∆x i
hn̂0 n̂∆x i
.
, g (2) (∆x) =
hn̂0 i
hn̂0 i2

(3)

The numerical results for 1D and 2D are shown in Fig. 5.
These results should be considered exact, to numerical precision. The 2D simulation describes a highly-entangled system
(in real-space) of more than quarter of a million sites, yet the
calculation was easily completed on a laptop computer using
MATLAB (of course, in this case the results could be obtained
analytically or by alternative numerical techniques).
JORDAN-WIGNER TRANSFORMATION FOR SPIN
CHAINS

An additional result is a compact tensor-network representation of strongly-correlated 1D systems that can be analytically solved using a Jordan-Wigner transformation. A
straight-forward example is the fully-anisotropic Heisenberg
spin-1/2 chain (XX model). It is slightly more complicated to
deal with a Bogoliubov transformation between opposite momentum modes, such as used to solve the quantum transversefield Ising chain on n sites with Hamiltonian
X
(4)
X̂i X̂i+1 + hẐi .
Ĥ =
i

This system corresponds to a free
Q fermion system by the transformation ĉi = 12 (X̂i + iŶi ) j<i Ẑj where ĉi are fermion
annihilation operators, resulting in
X †
(ĉi − ĉi )(ĉ†i+1 + ĉi+1 ) + hĉ†i ĉi − 2n. (5)
Ĥ = 2
i

This Hamiltonian is quadratic in the fermionic operators
and translationally invariant, and is traditionally solved by a
Fourier transform followed by a Bogoliubov
transformation
P
√
exp(2πijk)ĉ
coupling c̃ˆk with c̃ˆ†−k , where c̃ˆk =
j / n.
j
Applying this final transformation to the ‘top’ of the tensor
network diagram makes it slightly more complicated to contract, but it is possible with cost scaling as O(n log n) using a
‘folding’ scheme (see the Appendix for details and numerical
results).

SIMULATION OF ARBITRARY FERMIONIC SYSTEMS

The quantum circuit structure used above to perform the
Fourier transformation can be utilized to construct a wide
array of strongly-correlated many-body wavefunctions. The
spectral tensor network that defines this class was depicted in
Fig. 2.
We now suggest how to apply this structure to generic systems. As a first step, we consider more complicated bilinear
fermionic systems than the spinless case considered above. A
simple example is the solution of bilinear fermionic systems
which is invariant under translations of l sites. By combining l sites together into a Hilbert space of χ = 2l , we end
with fully-translationally-invariant Hamiltonian that is exactly
diagonalized by the Fourier transform (followed by some local operation). This is exactly equivalent to allowing each
site to contain more varieties of fermions (with different spin
or local orbital configuration, for example) and generally results in systems with multiple bands. The fermionic (fast)
Fourier transform can be implemented in its naı̈ve form, individually transforming each ‘type’ of fermion. This partially
diagonalizes the Hamiltonian, separating out the momentum
states. Full diagonalization is achieved by mixing components
of the same momentum — and thus every eigenstate is explicitly given by a spectral tensor network. Anomalous terms can
be dealt with a simple Bogoliubov transformation between opposite momenta as discussed in the Appendix.
We further note that a spectral tensor network can be converted into another spectral tensor network with one less layer
by combining pairs of neighboring physical sites in the lattice. In this case, the dimension of the local Hilbert space, or
more generically the bond dimension of the tensor network χ,
is squared in this transformation. This provides a route for increasing the fraction of Hilbert space covered by this decomposition, at the price of increased computation cost (which we
will show is a polynomial function of χ).
More generic systems are free to be studied by employing
the variational method on the manifold of states defined by
the tensor network diagram (in addition to the unitary constraints and any symmetry constraints of the model, e.g. the
parity of the number of fermions). For instance, simple energy
minimization may yield states very close to highly-entangled
ground states, particularly in the Fermi-liquid phase where
the entanglement structure should be related to that of free
fermions. This is an area of intense interest to the author and
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is the subject of further work. Furthermore, it would be interesting to see if the spectral tensor network can accurately
represent systems with different boundary conditions or impurities, or be applied effectively to spin systems.

CONCLUSION

The spectral tensor network has been introduced here as
a way of efficiently representing the quantum fast Fourier
transform and certain classes of quantum states. The Fourier
transform can be used to construct free-fermion states with
a logarithmic violation of the area law, and as far as the author is aware is the first efficiently contractible tensor network
that has been shown to exactly capture this phase in two- and
higher-dimensions.
The tensor network is shown to be a convenient form for
capturing analytic solutions to 1D spin problems that are
solved by the Jordan-Wigner transformation. Further, we suggest that this tensor network may be used as a variational
ansatz for low-energy states of many-body systems. This
may be especially effective in the case of Fermi-liquid phases,
where from a local perspective the system is highly entangled
and is somewhat difficult to treat with existing tensor network
techniques, while the Fourier transform is able to convert the
system into a relatively disentangled momentum-space basis.
Work in this direction is ongoing.
The spectral tensor network is somewhat related to the
branching MERA construction of Evenbly and Vidal, with
two major differences. The spectral tensor network contains
only half the tensors of the branching MERA and is more efficient numerically. A more striking difference is the nonlocal reordering of lattice sites placed at the bottom of the unitary circuit. In complete opposition to the spirit of real-space
renormalization, the unitaries at the bottom of the circuit deal
with the longest length-scales of the system, with the length
scales decreasing as we ascend the diagram.
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FIG. 6: (Color online) The tensor network contraction for computing
the expectation of a two-body operator. Many of the tensors have
cancelled due to unitarity, and the remaining can be contracted with
cost O(nχ8 ).

APPENDIX

Here we detail the tensor contractions necessary for performing calculations with the spectral tensor network, including derivations the computational cost of measuring one- and
two-site local variables and performing ground state optimizations in arbitrary dimensions. We also consider the extended
case corresponding to a Fourier transform combined with a
Bogoliubov transform that couples modes with opposite momentum, which should be contracted in a slightly different
order to remain efficient.

or

FIG. 7: (Color online) The scaling operators necessary to contract
expectation values of one- and two-body operators. The open wires
are arranged to make the necessary fermionic wire-crossing operations more obvious. (a) Two single-site density operators (blue) are
transformed into a new single-site operator, with open indices either
in the left or right ‘direction’ (cost O(χ5 ). (b) Two single-site density
operators are transformed (unitarily) into a new two-site operator. (c)
Two two-site density operators are transformed into a single two-site
operator, with four possible descending directions (cost O(χ5 ).

Tensor contractions for one- and two-site operators, and
optimization

The expectation value of few-site observables can also be
calculated efficiently with cost O(n), although with a cost
which grows exponentially with the size of the operator in
question. In Fig. 6, the necessary contraction for a widelyseparated, two-site operator is shown.
This diagram (and that of Fig. 4 in the main paper) can
be contracted using simple steps starting from the ‘outside’ of
the diagram and working towards the physical indices, layerby-layer. These steps each cost O(χ5 ) for single-site operators and up to O(χ8 ) for two-site operators, and are shown
in Fig. 7. For a given observable, n such steps are necessary,
making the total cost O(nχ5 ) and O(nχ8 ) for one- and twosite observables, respectively.
Fortunately, when computing a range of observables many
computations can be reused to reduce the total cost. For
instance, in a translationally-invariant system, the entire set
of two-body observables hÂ0 B̂i i can be calculated with cost
O(n log nχ8 ) (as was done to generate Fig. 5 in the main
paper). The same scaling applies to the expectation value of

local, two-body Hamiltonian (with no assumption on translational invariance).
With a simple modification to the above procedure, one can
additionally recover the derivative of the expectation value
with respect to the tensors themselves (the so-called ‘environment’ of each tensor) with the same O(χ8 n log n) scaling.
This allows us to follow a derivative-based optimization procedure for determining the state with minimum energy, such
as steepest-descent within the unitary subspace [41], singularvalue decomposition updates [42] or more complicated approaches [43].

Bogoliubov transformations

In the case of a quadratic Hamiltonian with anomalous pair
terms, a Bogoliubov transformation coupling modes with opposite momentum will diagonalize a translationally-invariant
system. This coupling can be added explicitly to the spectral
tensor network at the ‘top’ (momentum space), as shown in
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coupled pairs instead of the individual sites. At each step,
we combine two pairs of sites with a unitary transform and
partial trace, resulting in a density matrix for a single pair of
sites. We can see the steps required for calculating singlesite observables in Fig. 9, costing O(χ8 ) each. Like we saw
previously, O(n) such steps are required for a given observable (and just O(n log n) steps for a full set on every site by
reusing calculations). A similar procedure applies to the case
of observables over two or more sites.
We have implemented and tested this procedure for the
transverse-field Ising model. In Fig. 10 we present results for
the magnetic susceptibility in the field direction, based on a
simple numerical derivative evaluating

FIG. 8: (Color online) A spectral tensor network state with additional
links between ±k momentum modes and ‘half-integer’ momenta.
The eigenstates of translationally-invariant, quadratic Hamiltonians
with anomalous terms can be represented with this tensor network.

dhẐi
χ=−
.
(6)
dh
We observe a sharp peak at the critical point at h = 1, as
expected.
The scheme presented here might be improved on in several ways. For instance, it has not yet been investigated if the
spectral tensor network can represent the Bogoliubov transformation natively, that is, without the extra tensors at the top
linking ±k modes, which is the subject of future work.
2.5
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FIG. 9: (Color online) The scaling operators necessary to contract
expectation values of one-site operators with the Bogoliubov transformation, each costing O(χ8 ).

Fig. 8.
However, contracting the tensor network naı̈vely in the previous order will result in growing bond-dimensions in the intermediates steps. To perform the contraction efficiently, we
simply perform the layer-by-layer ‘renormalization’ on the
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FIG. 10: (Color online) Numerical results for magnetic susceptibility
the transverse-field Ising model on a lattice of 1024 sites around the
critical point at h = 1.

