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We address the problem of decoding sparse quantum error correction codes. For Pauli
channels, this task can be accomplished by a version of the belief propagation algo-
rithm used for decoding sparse classical codes. Quantum codes pose two new challenges
however. Firstly, their Tanner graph unavoidably contain small loops which typically
undermines the performance of belief propagation. Secondly, sparse quantum codes are
by definition highly degenerate. The standard belief propagation algorithm does not
exploit this feature, but rather it is impaired by it. We propose heuristic methods to
improve belief propagation decoding, specifically targeted at these two problems. While
our results exhibit a clear improvement due to the proposed heuristic methods, they also
indicate that the main source of errors in the quantum coding scheme remains in the
decoding.
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1 Introduction

Quantum information science studies the information transmission and processing capabilities
of quantum mechanical systems. It is now well established that quantum mechanical devices
can in principle outperform classical ones in these two settings. The physical realization
of such schemes, however, relies on our ability to cope with imperfect noisy systems. The
theory of quantum error correction (QEC) and its fault-tolerant implementation [39, 44 [4]
151 221, 23] [36] shows that this challenge is surmountable. The vast majority of studies of QEC
and fault-tolerance has focused on small size block codes encoding one or very few qubits,
and concatenation thereof. Noticeable exceptions are topological codes [21], [12] (that have a
vanishing rate), convolutional codes [311 [32] 14} [16], low density parity check (LDPC) codes
[29, @, [8, [42], and turbo-codes [35].

The main difficulty with small block QEC codes is that in order to achieve high error
suppression, each logical qubit needs to be encoded in a very large number of physical qubits
(the encodings are of low rates). This overhead poses an extra technical challenge for the
design of practical quantum information processors. In classical coding theory, it is well
known that smaller overheads can be achieved by encoding multiple bits in a single large
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block. In fact, random codes on n bits typically achieve the Shannon capacity in terms of
maximum rate at vanishing error probability as n tends to infinity. The drawback, however, is
that in general these codes cannot be decoded efficiently, i.e., computing the optimal recovery
given an error syndrome is an NP-complete problem.

Two approaches can be pursued to overcome the decoding problem. Algebraic codes (e.g.
Reed-Solomon codes [37], Bose-Chaudhuri-Hocquenghem codes [I8], [6]) are designed to have
large minimal distances and efficient minimal distance decoders. Their construction relies on
the structure of finite-field algebra, and they come an infinite variety of rates and minimal
distances. Algebraic codes have been investigated in the quantum setting, e.g. [45] Bl 20} 2].
As argued e.g. in [I1] however, due to their strict focus on the minimal distance, these codes
are bound to fall short of the Shannon limit. They are on the other hand unequaled for
channels with burst errors, and have therefore found numerous commercial applications.

The other approach is probabilistic coding (e.g., low density parity check [LDPC] codes,
turbo-codes) which differs from algebraic coding in three important aspects. Firstly, the
codes are chosen at random from a specified ensemble, and one is interested in the typical
behavior over the ensemble. Secondly, minimum distance decoding is typically a hard problem
on these code ensembles. This leads to the third important distinction which is a shift of
focus from minimal distance to the average performance of the code ensemble under (sub-
optimal) polynomial-time decoding. For some common classical channels, state-of-the-art
probabilistic codes are near-capacity achieving. The randomness involved in the code design
yields good codes while the structure imposed on the code ensemble is sufficient to ensure
good decoding performances. Probabilistic codes have also been investigated in the quantum
context [10, [32] 291 33| @] 14, [T6], B35].

Probabilistic codes are decoded by means of a belief propagation (BP) algorithm (also
known as sum-product, message passing, Viterbi algorithm, Bahl-Cocke-Jenilek-Raviv algo-
rithm depending on context). BP is a highly parallel general-purpose algorithm to solve (or
approximate the solution to) inference problems involving large number of random variables
located at the vertices of a graph, where the edges of the graph encode dependency between
the random variables [Il 46, 28]. When the graph is a tree, BP produces the exact solution
to the inference problem in a time bounded by the tree’s depth. More importantly, BP has
proven to be a good heuristic method in cases where it is not known to converge, and partic-
ularly when the typical size of the loops in the graph is large. Recently, a generalization of
BP was proposed to solve inference problems involving a large number of quantum systems
[25, 17]. Tt was also shown that decoding a stabilizer QEC code on any memoryless quantum
channel reduces to a quantum inference problem on a (generally loopy) graph.

Sparse codes (a.k.a. LDPC) are designed to accomplish a good performance under BP
decoding. They are obtained by imposing random linear constraints on codewords, with each
constraint involving a small number of bits and similarly each bit being involved in a small
number of constraints. The constraints can be represented by a Tanner graph (c.f. Fig. .
As a consequence of the sparseness of the constraints, the graph typically contains no or very
few small loops. Decoded with a BP algorithm, sparse codes are amongst the best known
classical error correction codes. For this reason, it is desirable to generalize them to the
quantum setting.

A method due to Calderbank, Shor, and Steane [7, 43] (CSS) enables the construction of
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QEC codes from any pair of dual classical codes. This technique has been used extensively to
design small block codes, and recently to design “hybrid” (small block flip, large block phase)
QEC codes tailored for particular channels [I9]. One might expect the CSS construction
to leverage the power of sparse codes to QEC, but attempts in that direction have proven
quite difficult [29, [0]. The main obstacle in the design of sparse CSS codes is that sparse
classical codes — being good error-correcting codes — do not typically have sparse duals.
Thus, randomly generated sparse codes are inappropriate and more sophisticated generating
techniques are required for their use in CSS constructions.

The duality condition — and, more generally, the commutation conditions imposed on
any stabilizer codes, not just those obtained from the CSS construction — also poses two
immediate complications for the decoding of sparse QEC codes. On one hand, it implies that
the graph representing a QEC code must have weight-4 loops. This places BP decoding on
a slippery slope. On the other hand, when a classical code has a sparse dual code, it has
by definition low weight errors. Fortunately, errors that lie in the dual code act trivially
on the encoded quantum information. Any pair of errors that are related by an element of
the dual code cannot and need not be distinguished: they are both corrected by the same
operation. These are called “degenerate errors” and by definition the sparse quantum codes
have many degenerate low-weight errors. The degeneracy is a feature that generally improves
the performance of QEC codes [40, 13| 41]. Unfortunately, BP does not exploit the degeneracy
of the code and even worse, it is typically impaired by degeneracy.

The primary purpose of this paper is to describe why degeneracy compromises BP de-
coding. Then, in an attempt to alleviate this problem, we propose heuristic techniques to
partially overcome the aforementioned obtacles. Our proposed techniques yields significant
improvements over standard BP decoding for the cases considered here. We note, however,
that despite these improvements, our methods are in need of further development for achieving
optimal performance in broad range of applications.

The rest of the paper is organized as follows. In the next section, we introduce the
necessary background on QEC and set up some notation. Sec.[3|provides a detailed description
of the BP algorithm as used for the decoding of sparse quantum codes. The following section
describes the concept of degeneracy in QEC, and presents a simple model to explain why it
should affect the performances of BP decoding. In Sec. [5] we present some heuristic methods
to improve BP decoding. Then, we present our numerical results in Sec. [f]

2 Notation and background
2.1 Stabilizer codes

A QEC code on n qubits is a subspace C of the Hilbert space (C?)®™. It can be specified as
the +1 common eigenspace of some set of commuting operators Si,Ss, ... S, that generate
under multiplication the so-called stabilizer group S = (S.). Of particular interest are codes
whose stabilizer generators are (up to a phase) n-fold tensor products of 2 x 2 Pauli matrices

()= ) (0 8

and we will refer to such operators simply as Pauli operators. They form a group P,, called
the Pauli group. The elements of P,, either commute or anti-commute, and for all £, F € P,,,
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we define
1 if EF=FE
E'F_{—1 if EF=-FE. (1)

For E, F € Py, this operation is summarized in the following table.

E\F|I X Y Z
I |1 1 1 1
X [1 1 -1 4
Y |1 -1 1 -1
Z |1 -1 1 1

For n-qubit Pauli operators E = F1 ® EFa ® ... Ey and F=F) Q@ Fo ® ... ® F,, we have

n
E-F=]]E F (2)
k=1

When S has m = n — k independent generators, C ~ (C?)®* will encode k logical qubits.
Operators that commute with the stabilizers elements have the property of mapping the code
space to itself, and are therefore called logical operators. The logical operators also form a
group N(S), the normalizer of S in P, which contains S as a normal subgroup. The logical
group is defined as £ = N(S)/S and coincides with Py.

For notational convenience, we will henceforth omit the tensor product symbol when
describing an element of P,. For instance, the element X I ® I ® Y € P, will simply be
denoted by XIIY. Alternatively, we use subscripts to identify the qubits that are acted upon
by non-trivial Pauli matrices. For the above example, we would write X;Yj.

The Clifford group on n qubits N(P,,) is composed of unitary matrices that map Pauli
operators to Pauli operators — it is the normalizer of P, in U(2"™). One may succinctly
describe a QEC code by a Clifford matrix U acting on n qubits as follows. The stabilizer
generators are S, = UZ.UT for ¢ = 1,...,m. These operators clearly commute and are
multiplicatively independent. From U, one can define the logical operators X ; = UX,,_j4;U t
and Z; = UZn_kJrjUT for j = 1,...k. These operators commute with elements of S and obey
X;-Zjy = (—1)%+ and L ~ (X, Z;). With a slight abuse of notation, we will henceforth use
L to denote N(S)/S and its representation given above. The code is then the set of all states
of the form U(|0)®™ @ |¢)) where |¢) € (C?)®*. It is also convenient to define a set of “pure
errors” by T, = UX.U' for ¢ = 1,...,m. These operators commute with each other and with
the logical operators, and obey the commutations S,-T = (—1)%". The set {S., T., X;, Z;}
is a canonical generating set for P,,.

2.2 Tanner graph

A QEC code can be represented by a decorated Tanner graph. This is a bipartite graph
G = (V, E) with vertices V = Q U C where the subset of vertices @) represent the n qubits,
and the other subset C represent the m stabilizer generators, or checks. The graph has an
edge (q,c) € E if and only if check ¢ acts non-trivially on qubit g, i.e. iff the ¢’th component
of S, differs from the identity. Edge (¢,c) € E is decorated by the gth Pauli matrix of check c,
see Figure [l When checks ¢ and ¢’ both act non-trivially on at least two qubits in common,
say ¢ and ¢', G will contain a 4-loop (¢, ¢, ¢, ¢’).
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Qubits
Fig. 1. Decorated Tanner graph for the 5-qubit code [24] 4] with stabilizer generators {XZZX1I,
IXZZX, XIXZZ, ZXIXZ}.

To avoid the presence of 4-loops, one could make sure that no pair of checks ¢ and ¢’ act
on more than one common qubits. The commutation condition between checks then implies
that on that common qubit, ¢ and ¢’ must have the same Pauli matrix. This argument leads
to the conclusion that every edge connected to qubit ¢ must carry the same decoration, say
Z for concreteness. Such a code, however, fails to detect the weight-1 error Z,. This would
not cause any problem if Z, € S, but in this case, qubit ¢ factors out in the code space,
and the code states are of the form |u) ® |0), for some |u) € (C?)"~! that satisfy additional
constraints. We thus arrive at the conclusion that the Tanner graphs of QEC codes must
unavoidably contain 4-loops.

2.3 Sparse quantum codes

An edge in the Tanner graph is said to have qubit-degree i, if it is connected to a qubit node
of degree (weight) ¢. Similarly, it has check-degree 4, if it is connected to a check node of
degree i. A sparse quantum code has a Tanner graph with qubit- and check-degree bounded
by some constant independent of the number of encoded qubits. Since the checks must obey
the strict commutation relations, it has proven difficult to generate them pseudo-randomly as
it is done for the classical sparse codes.

More precisely, a degree distribution y(z) = >, ;2" ! is a polynomial with nonnegative
real coefficients satisfying (1) = 1. Here, 7; denotes the fraction of edges in a graph for
nodes of degree i. Let \; and p; denote the fraction of edges of qubit-degree and check-degree
i, respectively. Then, the degree distribution for the Tanner graph is the pair (), p), where
A=Y, Mzt band p= 3", piz'~!. The degree distribution (X, p) defines a code ensemble
of rate R=1— fol p(x)dx/ fol A(z)dx. We note that, in the classical theory of LDPC codes,
a typical code in that ensemble decoded with the simple BP decoder on the binary erasure
channel with erasure probability ¢ shows successful performance if 6A(1 — p(1 — z)) < =, for
x € (0,0) [26, 27, [38].

3 Belief propagation decoding

In this article, the error model that we consider are Pauli channels that have the form

E(p)= Y p(E)EpET, (3)
EeP,

where p(E) > 0 and ), p(E) = 1. It is clear from Eq. that the phase of Pauli operators
are irrelevant, so the sum should only be carried over the effective Pauli group P, /{£1, +i}.
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But to keep the notation simple, we will henceforth implicitly assume that P, is quotiented
by its center. A memoryless Pauli channel is one for which the probability factors as p(E) =
HZ:I pq(Eq) forall E = E 1 Ey ... E,, € P,. A particularly relevant example is the depolarizing
channel for which po(I) = 1 — € and py(X) = pg(Y) = P,(Z) = €/3 for all ¢, and for some
depolarizing strength 0 < e < 1.

Once the n qubits are prepared in a code state |¢) € C, they are sent through the channel
and state p = E(|¢)v]) is obtained by the receiver. To detect the possible errors at the re-
ceiver, the stabilizer generators S, are measured and outcome s = (s1, Sa,...,Sm) € {—1,1}™,
called the error syndrome, is obtained. The state p is a statistical mixture of states E|v) for
different £ € P,,. When the error E that corrupted the register commutes with S, the syn-
drome bit s, takes value +1 because S E|y) = ES.|¢)) = E|). When E anti-commutes with
S. on the other hand, we obtain S E|¢) = —ES.|¢)) = —E|¢), and hence, s, = —1. Thus,
the error syndrome provides partial information about the error that has occurred during the
transmission.

Of all the errors E € P,, that could have corrupted the n qubits, only those that obey a
commutation relation with the generators of S consistent with the error syndrome are to be
considered after the measurements of the S.’s. In other words, the probability distribution of
the errors conditioned on error syndrome s is

p(Els) o< p(E) [ 6s..m5.- (4)

One decoding technique consists in identifying the most likely error given the syndrome s:

E*(s) = argmax{p(F|s)}. (5)

E€Py

Since all elements of P,, square to the identity (up to an irrelevant phase), the information can
then be corrected by applying E*(s) to the register. We will see in the next section however
that this is not the optimal decoding rule.

The computationally difficult step in the above error correction scheme is the evaluation
of E*(s). In fact, this problem is NP-complete [S]f’ Thus, we will settle for a simpler task
that consists of evaluating the qubit-wise most-likely error. For £ = FE; --- E,,, let us define
the marginal probabilities

pq(Eqls) = Z p(Er... Epls). (6)
El,...Eq_l,Eq+1,...Eﬂ,

The qubit-wise most likely error is then

Ei(s) = aégler;gx{pq(EqIS)}- (7)

In general, the marginal optimum E5(s) ... E(s) needs not coincide with the global optimum

bThis problem is actually equivalent to that of finding the ground state of a spin-glass, which gives rise to a
host of connections between sparse code theory and statistical physics [30].
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Evaluating E7(s) is also a difficult task because Eq. (6) involves a sum over a number
of terms exponential in n. This is where belief propagation comes in handy} This algorithm
operates by sending messages along the edges of the Tanner graph (c.f. Fig. . Messages from
qubit g to check ¢ are denoted by my_.. and messages from check ¢ to qubit ¢ are denoted
Me—q. Messages received at and sent by qubit g are probability distributions over F,. In
other words, they are arrays of 4 positive numbers, one for each value E, = I, X, Y, and Z.
We denote n(q) the neighbors of qubit ¢, and define n(c) similarly.

To initialize the algorithm, each qubit sends out a message to its neighbors equal to its
prior probability of error mg—..(Eq) = pq(Eq), where py(E,) is the probability entering in the
definition of the memoryless channel Eq. . Upon reception of these messages, each check
sends out a message to its neighboring qubits given by

Me—sq(Eq) o Z (6chsc'Ec H mq’HC(Eq’))v (8)
By a’en(c)\q
a'en(c)\q

where n(c)\¢ denotes all neighbors of ¢ except q. The sum is over all Pauli operators on the
neighbors of ¢ but with E; held fixed. The proportionality factor can be fixed by normalization
> B, Me—q = 1. Thus, m._q is a function of the syndrome bit s, associated to check ¢, and

the messages Mg —. received from all neighbors of ¢, except g.
Upon reception of these messages, each qubit sends out a message to its neighboring checks

given by
Mq—c(Eq) < p(Eq) H me—q(Eyg), (9)
c’€n(g)\c

where n(q)\c denotes all neighbors of ¢ except ¢. Again, the proportionality factor can be
fixed by normalization. Thus, mq_. is a function of the qubit prior probability p,(E,), and
the messages m. _.4 received from all neighbors of g, except c.

Equations define an iterative procedure that is at the core of BP. The beliefs b,(E,)
— that are meant to represent an approximation to the marginal conditional probability
pe(Eq|s) Eq. (6) — are computed from the m._., messages as follows

be(Eq) = pq(Eq) H Me—sq(Eq)- (10)
c€n(q)

The recovery can be chosen as the product of qubit-wise maximum-belief Pauli matrices
EBF = @._ EPP where
Efp = argmax{b,(E,)}. (11)
E,eP
When G is a tree, the beliefs converge to the correct conditional marginals b,(E,) =
pq(Eqy|s) in a time equal to the tree’s depth. Thus, the qubit-wise most likely error can be
computed efficiently. This leads, for instance, to an efficient maximum-likelihood decoding
algorithm for concatenated quantum block codes [34].
When the graph G includes loops, the beliefs will not converge to the correct conditional
marginals in general. Nonetheless BP can be used as a heuristic method to approximate the

¢As noted above, Pauli channels, being defined in terms of a probability over P, make use of a classical BP
algorithm. For arbitrary quantum channels, a quantum BP algorithm was described in details in [25].
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solution to such intrinsically hard problems, and in many situations it is empirically observed
to provide reliable solutions. Apropos examples of successful loopy BP are provided by the
near-capacity achieving decoding of classical LDPC and turbo-codes.

Since loopy BP is not guaranteed to converge within any fixed number of iterations, one
has to impose a halting criterion on the iterative procedure. Here, we choose to halt when
the correction given by the highest beliefs EPF lead to a trivial error syndrome, i.e., when
EBP .S, = s; for all j = 1,...,m. Since this is not guaranteed to occur after any finite
number of iterations, it is also necessary to impose a maximum number of iterations.

4 Degeneracy

As explained above, the output of the channel p is a statistical mixture of states E|¢) for
different E € P,,. Note however that when E’ = ES for some operator S € S, then E|¢) =
E'|v)) by definition of code states. Moreover, E and E’ have the same error syndrome since
they differ by an element of S, which by definition commute with all the generators S.. Hence,
errors F and E’ cannot be distinguished. This is not a concern however because any recovery
R that reverses the effect of F on the code space will also reverse the effect of E’

RE|p) = [¢)) = RE'|¢)) = RES|Y) = RE|¢) = [¢).

In brief, the errors that are related by an element of S cannot and need not be distinguished
by the error syndrome. This is the main feature of degeneracy in QEC.

Since {S., T, X, Z,} is a canonical generating set for P,, we can uniquely expand each
error as E = s(E)t(E)I(E) where s(E) € S, t(E) € (T.), and I(E) € (X;,Z;). Note that
t(E) is the only element of that decomposition that can anti-commute with the stabilizer
generators. Moreover every elements of (T.) has a distinct commutation relation with the
Se, and hence a distinct syndrome. It follows that ¢(E) is entirely known given the error
syndrome s, and it is given by

14s¢

t(s) =7 % . (12)

On the other hand, the value of s(F) is of no interest since that element of the decomposition
acts trivially on C. The only element left is I[(F), and it has conditional probability

p(Lls) o Y P(E) (13)

E:(E)=L

= > p(E = St(s)L). (14)

Ses

Optimal decoding consists in identifying the most likely value for L given s

L*(s) = arg;nﬁax{p(ﬂs)}. (15)

This differs from the decoder defined at Eq. because p(L|s) is obtained from p(FE|s) by
quotienting P,, by S. In this sense, QEC codes are intrinsically coset codesﬂd

dn statistical physics terms, decoder Eq. minimizes the energy while Eq. (15 minimizes the free energy.
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The degeneracy typically improves the performance of a code because many errors can
be corrected in the same way, and need not be distinguished by the error syndrome. This
becomes particularly relevant when many elements of S have low weight since the degeneracy
will then relate typical errors. To take advantage of this feature, it is important to properly
sum the probabilities over the cosets: the coset with the most likely error may differ from the
most likely coset. However, the BP algorithm presented in the previous section uses Eq.
as a starting point, and so completely ignores the coset structure of the code. This will lead
to a decline of the scheme’s performances, and should be particularly pronounced for sparse
codes.

Beyond these complications, the degeneracy is expected to cause extra complications when
used with any qubit-wise maximum-likelihood decoder such as BP. This is due to the presence
of symmetries in the code that are reflected in the decoder, but broken by the channel. The
next section aims at illustrating this issue.

4.1 A case study

We consider a particularly simple QEC code that encodes zero qubits (a single state) into
two qubits. It has stabilizer generators X X and ZZ, and code space C = {(]00) + |11))/v/2}.
Suppose these qubits are sent through a depolarization channel, and that error I X is applied.
Measurement of the stabilizer generators reveal the error syndrome s = (+1, —1). This error
can be corrected by either of the operations X1, IX,Y Z, or ZY. Because of the symmetry of
the code however, the marginal conditional probabilities Eq. @ are identical on both qubits,
Pi(E|s) = P»(E|s). Since none of the correct recoveries have this symmetry, any decoding
scheme based on qubit-wise probabilities will fail with this very simple code.

Figure|2|a) shows the beliefs obtained from the BP algorithm as a function of the number
of iterations. Due to the symmetry of the code, the beliefs on qubit 1 and 2 are identical.
As we see, the identity is always assigned the largest belief, and hence, the BP decoder will
recommend correcting the error by doing nothing. This is, of course, incorrect. In fact, this
correction will result in a “detected error” because there will remain a non-trivial syndrome
after applying the recommended recovery. In that case, our BP algorithm would iterate until it
reaches the maximum number of iterations imposed by hand, and would output the correction
II knowing that it is an incorrect inference. In fact, the decoder cannot possibly succeed
because it always assigns identical beliefs to qubits 1 and 2, but none of the appropriate
corrections listed above have that symmetry.

The optimal decoder must add the probability of X7 and IX, and assign the result to
either one of them; this choice is not important and can be made at random. This is not
incorporated in the standard BP scheme because X1 and X are symmetric in all aspects.
To achieve any improvement in the BP decoding, it is essential to break this symmetry.

5 Heuristic methods for degenerate codes

While the example of the previous section may appear naive and contrived, it actually captures
a universal feature of sparse quantum codes: they have many degenerate typical errors, and
the degenerate errors of equal weight are completely symmetric under BP decoding. One
needs to break this symmetry in order to overcome the difficulty explained in the previous
section. We have investigated a host of different techniques to improve the performance of
sparse quantum codes under BP decoding. Here, we present the most successful ones.
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Fig. 2. Beliefs as a function of number of iterations for a QEC code with stabilizer generators XX
and ZZ with syndrome (+1,—1). a) The prior pq(Eq) is the depolarizing channel with ¢ = 0.1
for both qubits. In that case, EBP = IT which yields a detected error. On b) and c), a random
perturbation of strength § = 1 was applied to the prior, breaking the symmetry between the two
qubits. b) shows the beliefs for qubit 1 and ¢) the beliefs for qubit 2. In this case, EBP = XTI
which is an appropriate recovery.

In all cases, the general structure of the BP algorithm is unaltered. At each round of

EBP ig evaluated. If

iteration, new beliefs are obtained and the maximum-belief correction
EBP restores a trivial syndrome, the algorithm halts with output E2. If, on the other hand,
the procedures reaches a pre-determined fixed number of iterations Tje,+ without satisfying
the halting conditions, a perturbation will be applied in order to break any symmetry that
may be responsible for the impasse. The different techniques we have explored differ in the
choice of the symmetry breaking. The presence of small loops in the Tanner graph turns out
to be crucial because it rapidly propagates the symmetry breaking perturbation to all the

qubits involved in the degenerate error.

5.1 Freezing

The first technique consists of “freezing” one of the qubits involved in an unsatisfied check.
We first find a frustrated check c, i.e., S, - EBY # s.. We pick a random qubit ¢ connected
to that check, and freeze its prior probability to p,(Eq) = dg,,;. We let the BP iterate with
this modified prior for Tpe,+ steps. If it halts during this period we are done. If c is still
frustrated, we restore the probability of ¢ and freeze a different qubit ¢’ involved in c. If ¢ is
not frustrated but the halting condition is not satisfied, we find another frustrated check ¢
and freeze one of its qubits at random.

When applied to the above example, the random freezing technique immediately solves
the problem. If for instance we set pa(E2) = 0g,,1, we obtain after a single iteration by (E7) =
dp, x and by(E3) = dg, 1, hence the correction EBP = XT.

5.2 Random perturbation

The second technique consists in randomly perturbing the prior probability associated to
qubits involved in frustrated checks. We simply identify the frustrated checks ¢, and for each
q in n(c) we apply the perturbation (up to normalization)

pe(ly) — pe(ly) (16)
pe(Xq) — (14 0x)pe(Xy) (17)
pe(Ye) —  (1+0y)pe(Yy) (18)
pe(Zg) — (1+62)pe(Zy) (19)
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where dx,dy, and Jz are random variables distributed uniformly in the range [0, §] for some
fixed 0. The goal of this perturbation is to create an asymmetry among the qubits that will
put an end to the impasse. It is clear that the perturbation needs to be random in order
to break the symmetry: if the error probability is equally increased on all unsatisfied checks
the problem would persist. It also seems intuitive to move to a prior with strictly stronger
error probability because at least one of the qubits connected to ¢ definitely has an error.
This choice is also justified by the fact that for the vast majority of decoding errors, the
decoder had identified the identity operator as the most likely error. In other words, we have
empirically observed that the decoder is naturally too biased towards the identity.

When applied to the toy model of the previous section, a random perturbation produced
exactly the effect we were hoping for, as long as the perturbation creates a sufficiently strong
asymmetry between p1(X) and p2(X). An example illustrates this point on Fig. [2| b)-c).

5.3 Collision

The collision trick is an attempt to enforce the analogy between real decoding instances and
the simple model presented in Sec. It operates in conjunction with other symmetry
breaking techniques. It proceeds by finding a colliding pair of unsatisfied checks ¢ and ¢/,
such that both S.- EBF #£ 5. and S, - EBY # 5., and ¢ and ¢’ share some qubits in common.
Typically, ¢ and ¢ will have two qubits in common. Under the assumption that the non-
trivial syndromes s. and s, have a common cause — i.e. that they are due to error on their
common qubits — the situation reduces exactly to that of Sec. Thus, we can apply a
random perturbation to those qubits, or choose to freeze one of them. It is also possible
to further exploit the labels of the checks on each qubits to determine the local degeneracy
structure of the code.

6 Results

We illustrate the performances of our decoding algorithms with a bicycle sparse quantum
code [29] used over a depolarizing channel. We have applied our decoding algorithms to
a number of other codes; in all cases we have found that our heuristic methods yield an
improvement over the standard BP decoder but the best performances were obtained from
the bicycle codes.

Bicycle codes [29] are CSS codes that make use of cyclic matrices. A simple method to
create a d X d cyclic binary matrix C consists of generating a binary column vector A of length
d with random entries and defining (C); ; = (A);+;. A sparse cyclic matrix is obtained when
the vector A is sparse.

For a bicycle code with row-weight w, block length n and number of checks m, first generate
a random n/2 x n/2 cyclic matrix C with row weight w/2. (As in [29], this matrix can be
constructed from a difference set, but the construction outline above seems to work just as
well.) Then, construct a matrix Hy by merging the matrices C and CT, i.e., Hy = (C|CT).
This matrix is self-dual:

(HoH});; = (CC'+cClC),; (20)
= Z AirAjpr + ApiAg; =0. (21)
k

Deleting n/2 — m/2 of the rows from Hj yields a self-dual matrix H with m/2 rows and n



998 On the iterative decoding of sparse quantum codes

columns. This matrix is used in the CSS construction to obtain a code of rate ™ with
checks given by
[T0., Z®ei for 0 < ¢ < m/2,

= j=1
S { [Ty X form/2 <c<m. (22)

The commutativity of the checks follows from the self-duality of H.

The construction of bicycle codes has complete freedom in controlling the size and weight
of the code. However, all the deleted rows of Hy are low-weight codewords which are unlikely
to lie in the dual. Hence, while they offer good performances under BP decoding on the
depolarization channel, bicycle codes most likely have a small minimal distance (less or equal
to w).

—©—Random perturbation|
—HB—Collision & freeze |]

0.01 0.015 0.02 0.025 0.03

Fig. 3. Block error probability vs depolarization strength ¢ for three different decoding procedure
as explained in the text. The code encodes 400 logical qubits in 800 physical qubits, for a rate
of 0.5. The checks all have degree 30 and the average degree of the qubits is 15. The maximum
number of iterations is 90, the number of iterations between each perturbations is Tpert = 6, and
the strength of the random perturbation [c.f. Eqs. (T6][I9)] is 6 = 0.1.

The most successful methods for improving the iterative decoding performances are freez-
ing (Sec. combined with the method of colliding checks (Sec. , and the simple random
perturbation (Sec. . Our results obtained for bicycle codes are shown at Fig. Both
symmetry breaking techniques yield a 10 dB gain over the basic BP decoder at depolarizing
strength 0.01 for the bicycle codes. In particular, the bicycle code has a decoding error below
10~* around e ~ 0.01 using the basic BP decoder and this value is increased to e ~ 0.014
using our heuristic techniques (c.f. Fig. 11 of Ref. [29]). Results obtained from larger blocks
exhibit overall better performances, but the improvement due to the modified BP decoding
are more pronounced on smaller blocks for the range of error probabilities accessible through
Monte Carlo simulations.

Note that there are two distinct types of failed error corrections, depending on whether
EEBP € N(S) or not. In the former case, the error is undetected because it corresponds
to a codeword. These errors can generally be attributed to fundamental limitations of the
code. In the latter case, it is known that the decoder has failed because the syndrome after
the correction procedure remains non-trivial. Such a detected error indicates a failure of the
decoder. Despite the improvements yielded by our heuristic methods, in all the cases we have
investigated, 100% of the errors were detected errors. This indicates that the major obstacle
to good quantum coding schemes remains in the decoding. The only exceptions were the
codes presented in [9], that we found to contain many weight-6 codewords.
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7 Conclusion

In this paper, we have explained how the high degeneracy of sparse quantum codes will
typically impair their performance under belief propagation decoding. Based on a simple
model, we have proposed some heuristic techniques to partially overcome this problem. Our
numerical results show that these techniques provide a clear and substantial improvement of
the coding scheme’s performance, which indirectly corroborates our model.

Despite these efforts, we found that the greatest challenge still remains in the decoding.
Indeed, all the errors found in our simulations could be attributed to the decoder rather than
the finite minimal distance of the code. Thus, it is necessary to make further progress in the
proposed decoding techniques for their broad application.

Acknowledgments

We are grateful to H. Ollivier for valuable comments and useful discussions. DP is supported
in part by the Gordon and Betty Moore Foundation through Caltech’s Center for the Physics
of Information, by the National Science Foundation under Grant No. PHY-0456720, and
by the Natural Sciences and Engineering Research Council of Canada. YC is supported by
University Research Council of Southern Methodist University.

References

1. S. AJt AND R. MCELIECE, Generalized distributive law, IEEE Trans. Info. Theor., 46 (2000),
p- 325.
2. S. A. ALy, A. KLAPPENECKER, AND P. K. SARVEPALLI, On quantum and classical BCH codes,
IEEE Trans. Info. Theor., 53 (2007), p. 1183.
3. V. ARVIND AND K. R. PARTHASARATHY, A family of quantum stabilizer codes based on the Weyl
commutation relations over a finite field, 2002, quant-ph/0206174.
4. C. H. BENNETT, D. P. DIVINCENZO, J. A. SMOLIN, AND W. K. WOOTTERS, Mized state entan-
glement and quantum error-correcting codes, Phys. Rev. A, 54 (1996), p. 3824, quant-ph/9604024.
5. E. R. BERLEKAMP, R. J. MCELIECE, AND H. VAN TILBORG, On the inherent intractability of
certain coding problems, IEEE Trans. Info. Theor., 24 (1978), p. 384.
6. R. C. Bose AND D. K. RAY-CHAUDHURI, On a class of error-correcting binary group codes, Info.
Contr., 3 (1960).
7. A. R. CALDERBANK AND P. W. SHOR, Good quantum error-correcting codes exist, Phys. Rev. A,
54 (1996), pp. 1098-1105, quant-ph/9512032.
8. T. CAMARA, H. OLLIVIER, AND J.-P. TILLICH, Construction of quantum ldpc codes, in Proc. of
EQIS, 2005.
, Constructions and performance of classes of quantum ldpc codes, 2005, quant-ph/0502086.
10. H. F. CHAU, Good quantum convolutional error correction codes and their decoding algorithm
exist, 1998, quant-ph/9806032.
11. D. CosTELLO AND G. FORNEY, Channel coding: the road to channel capacity, 2006, cs.IT/0611112.
12. E. DENNIS, A. KITAEV, A. LANDAHL, AND J. PRESKILL, Topological quantum memory, J. Math.
Phys., quant-ph/0110143 (2002), pp. 4452-4505, quant-ph/0110143.
13. D. P. DiVINCENZO, P. W. SHOR, AND J. A. SMOLIN, Quantum-channel capacity of very noisy
channels, Phys. Rev. A, 57 (1998), pp. 830-839, quant-ph/9706061.
14. J. G. D. FORNEY, M. GRASSL, AND S. GUHA, Convolutional and tail-biting quantum error-
correcting codes, 2005, quant-ph/0511016.
15. D. GOTTESMAN, Stabilizer codes and quantum error correction, PhD thesis, CALTECH, 1997.
16. M. GRASSL AND M. ROTTELER, Non-catastrophic encoders and encoder inverses for quantum
convolutional codes, in Proc. ISIT, IEEE, 2006, p. 1109.
17. M. HASTINGS, Quantum belief propagation, 2007, arXiv:0706.4094.




1000 On the iterative decoding of sparse quantum codes

18
19
20

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

40.

41.
42.

43.
44.

45.
46.

. A. HOCQUENGHEM, Codes correcteurs d’erreurs, Chiffres, 2 (1959), p. 147.

. L. IoFFE AND M. MEZARD, Asymmetric quantum error correcting codes, 2006, quant-ph/0606107.
. A. KETKAR, A. KLAPPENECKER, S. KUMAR, AND P. K. SARVEPALLI, Nonbinary stabilizer codes
over finite fields, IEEE Trans. Info. Theor., 52 (2006), quant-ph/0508070.

A. Y. KITAEV, Fault-tolerant quantum computation by anyons, Ann. Phys., 303 (2003), p. 2.

E. KNILL AND R. LAFLAMME, Theory of quantum error-correcting codes, Phys. Rev. A, 55 (1997),
p. 900, quant-ph/9604034.

E. KNILL, R. LAFLAMME, AND W. H. ZUREK, Resilient quantum computation, Science, 279 (1998),
p. 342.

R. LAFLAMME, C. MIQUEL, J.-P. PAz, AND W. H. ZUREK, A perfect quantum error correction
code, Phys. Rev. Lett., 77 (1996), p. 198.

M. LEIFER AND D. POULIN, Quantum graphical models and belief propagation, to appear in Ann.
Phys., (2007), arXiv:0708.1337.

M. G. LuBy, M. MITZENMACHER, M. A. SHOKROLLAHI, D. A. SPIELMAN, AND V. STEMANN,
Practical loss-resilient codes, in Proc. 29th. Ann. ACM Symp. on Theo. of Compu., 1997, p. 150.
M. A. S. M. LuBy, M. MITZENMACHER AND D. SPIELMAN, Analysis of low density codes and
improved designs using irreqular graphs, in Proc. 30th. Ann. ACM Symp. on Theo. of Compu.,
1998, p. 249.

D. J. C. MAcKAY, Information Theory, Inference and Learning Algorithms, Cambridge University
Press, Cambridge, UK, October 2003.

D. J. C. MacKAy, G. MITCHISON, AND P. L. MCFADDEN, Sparse graph codes for quantum
error-correction, IEEE Trans. Info. Theor., 50 (2004), pp. 2315-2330, quant-ph/0304161.

M. MEZARD AND A. MONTANARI, Constraint Satisfaction Networks in Physics and Computation,
Clarendon Press, 2007.

H. OLLIVIER AND J.-P. TILLICH, Description of a quantum convolutional code, Phys. Rev. Lett.,
91 (2003), p. 177902, quant-ph/0304189.

———, Quantum convolutional codes: fundamentals, 2004, quant-ph/0401134.

——, Interleaved serial concatenation of quantum convolutional codes: gate implementation and
iterative error estimation algorithm, in Proc. of 6th Sympo. on Info. Theo. in the Benelux, Brussels,
2005, p. 149.

D. PouLIN, Optimal and efficient decoding of concatenated quantum block codes, Phys. Rev. A, 74
(2006), p. 052333, quant-ph/0606126.

D. Pounin, J.-P. TiLLicH, AND H. OLLIVIER, Quantum serial turbo-codes, 2007, arXiv:0712.2888.
J. PRESKILL, Fault-tolerant quantum computation, in Introduction to quantum computation, H. K.
Lo, S. Popescu, and T. P. Spiller, eds., Singapore, 1999, World Scientific, p. 213, quant-ph/9712048.
I. S. REED AND G. SOLOMON, Polynomial codes over certain finite fields, J. SIAM, 8 (1960),
p. 300.

T. RICHARDSON AND R. URBANKE, Efficient encoding of low-density parity-check codes, IEEE
Trans. Info. Theor., 47 (2001), pp. 638-656.

P. W. SHOR, Scheme for reducing decoherence in quantum computer memory, Phys. Rev. A, 52
(1995), p. 2493.

P. W. SHOR AND J. A. SMOLIN, Quantum error-correcting codes need not completely reveal the
error syndrome, quant-ph/9604006. Preprint.

G. SMITH AND J. A. SMOLIN, Degenerate coding for Pauli channels, 2006, quant-ph/0604107.
——, Good linear codes with almost-linear-time encoding and decoding circuits. Private comm.,
2007.

A. M. STEANE, Multiple particle interference and quantum error correction, Proc. R. Soc. Lond.
A, 452 (1996), pp. 2551-2577.

, Simple quantum error correcting codes, Phys. Rev. A, 54 (1996), p. 4741.

——, Quantum Reed-Muller codes, IEEE Trans. Info. Theor., 45 (1999), pp. 1701-1703.

J. S. YEDIDIA, Advanced mean field methods: theory and practice, MIT Press, 2001, ch. An id-
iosyncratic journey beyond mean field theory, p. 21.




	Introduction
	Notation and background
	Stabilizer codes
	Tanner graph
	Sparse quantum codes

	Belief propagation decoding
	Degeneracy
	A case study

	Heuristic methods for degenerate codes
	Freezing
	Random perturbation
	Collision

	Results
	Conclusion

