Parametric amplification and squeezing with ac- and dc-voltage biased superconducting junction
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We theoretically investigate a near-quantum-limited parametric amplifier based on the non-linear dynamics
of quasiparticles flowing through a superconducting-insulator-superconducting junction. Photon-assisted tunneling, resulting from the combination of dc- and ac-voltage bias, gives rise to a strong parametric interaction
for the electromagnetic modes reflected by the junction coupled to a transmission line. We show phase-sensitive
and phase-preserving amplification, together with single- and two-mode squeezing. For an Aluminum junction
pumped at 8 GHz, we predict narrow-band phase-sensitive amplification of microwaves signals to more than
30 dB, and broadband phase-preserving amplification larger than 15 dB over a 4 GHz band. We also predict
single-mode squeezing reaching -20 dB and two-mode squeezing of -14 dB over a 4 GHz band. A key feature
is that the device parameters can be tuned in-situ by the applied dc- and ac-voltage biases.

I.

INTRODUCTION

Many of the advances of quantum computation based on
superconducting qubits rely on the ability to readout the qubit
state by measuring microwave photons leaking out of a superconducting resonator [1]. Thanks to the development of
near-quantum-limited Josephson parametric amplifiers (JPAs)
[2–5], high-fidelity single-shot qubit readout is now possible [6, 7]. These amplifiers are, moreover, finding use in a
wide range of applications, from measuring quantum features
in the radiation emitted by mesoscopic conductors [8–12], to
the detection of small ensembles of electronic spins [13], and
even to the search for dark matter [14]. JPAs are also versatile sources of single- and two-mode squeezed states [5, 15],
which have been used to confirm decade old predictions in
quantum optics [16, 17], and to improve electron-spin resonance spectroscopy [13]. On the theoretical side, squeezed
states were proposed as a resource to improve qubit readout
and to perform high-fidelity gates [18–20], or as a basis for
continuous variable quantum computing [21, 22].
Current JPAs are able to amplify signals to more than 20
dB, and to squeeze vacuum fluctuations by 7 dB (12 dB) in
single- (two-) mode experiments [5, 23]. However, in this devices, the amplification bandwidth is limited to hundreds of
megahertz [24–26]. At the price of increasing device fabrication complexity, much larger amplification bandwidth, over
∼ 3 GHz, has been demonstrated with the recently developed
Josephson traveling wave parametric amplifier [27]. The development of a simpler quantum-limited microwave amplifier,
generating far-separated two-mode squeezed states and capable of amplifying signals over gigahertz bandwidths, is still
needed to further advance quantum information processing
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science. It would also be an important tool to better characterize the radiation emitted by mesoscopic conductors, for
which there is an increasing body of interesting predictions
[28–32]. Here, we propose such a simple broadband parametric amplifier, consisting of a single dc- and ac-voltage biased superconductor-insulator-superconductor (SIS) junction.
The device can be operated in both phase-sensitive and phasepreserving modes and can be used for near-quantum-limited
amplification and two-mode squeezing in few GHz bandwidth.
The proposed setup, illustrated in Fig. 1(a), operates as an
amplifier in reflection mode. Parametric amplification is possible by taking advantage of the strong non-linearity of the
transport characteristics of the junction. To this end, we consider a dc-voltage bias V smaller than twice the superconducting gap ∆. This sets the junction as an open circuit, and the
conduction of quasiparticles is enabled by applying a sinusoidal ac-voltage Vac (t) = Vac cos(2ω0 t), with ω0 the measurement center frequency. This voltage combination gives
rise to modulations of the admittance of the junction Yn (ω),
with n the n-th harmonic of the pump. As illustrated in
Fig. 1(b), the finite-frequency admittance for dc-voltage approaching (2∆ − ~ω0 )/e is dominated by a large non-linear
susceptance ImY1 (ω0 ) [33, 34]. On the other hand, the dissipative term, ReY0 (ω0 ), is only weakly affected by the acvoltage and it is dominant for eV > 2∆ − ~ω0 . Taking
advantage of dc-voltage control, we demonstrate that parametric amplification and squeezing emerges when Y1 (ω0 ) is
much larger than ReY0 (ω0 ). As we show below, Y1 (ω0 ) is
related to the coherent conversion process of 2~ω0 quanta
of energy from the pump to two photons of frequency ω0 ,
while ReY0 (ω0 ) is related to dissipative effects due to the
tunneling of quasiparticles. It is surprising that even though
SIS junctions are routinely used as high-frequency microwave
quantum-limited mixers [35], exploiting a very similar principle, their operation as parametric amplifiers have been mostly
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FIG. 1. (a) Electrical scheme of the device: a SIS junction is dcvoltage biased close to the onset of quasiparticle transport eV ∼ 2∆,
while it is ac pumped with a single tone Vac cos(2ω0 t). Current conservation at the coupling mode (x = 0) allows to relate the transmission line outgoing field aout [ω] with its incoming field ain [ω] and
the current flowing through the junction IˆJ [ω]. (b) Non-linear admittance as a function of the dc-voltage for an Aluminum junction
(∆ = 180 µeV) and eVac = 0.135 × 2~ω0 . On one hand, as
shown in Sec. II, dissipation emerges from the absorption and emission of photons, which is illustrated by ReY0 (ω). Notably, ReY0 (ω)
is only slightly perturbed by such small ac pumping. However, the
pumping gives rise to a parametric interaction characterized by a
sizable non-linear admittance Y1 (ω0 ). For dc-voltages in the range
2(∆ − ~ω0 ) < eV < 2∆ − ~ω0 , the non-linear admittance Y1 (ω0 )
dominates over the dissipative response ReY0 (ω) giving rise to parametric amplification and squeezing.

disregarded [34, 36]. Here, we use the input-output formalism [37], together with photon-assisted tunneling theory [38]
to compute the parametric amplification and squeezing properties of an ac- and dc-biased SIS junction [35]. The resulting
Heisenberg-Langevin equations [39] are numerically solved,
allowing us to explore parametric amplification far from the
small detuning limit considered previously [34, 36]. For an
Aluminum junction (∆ = 180 µeV) pumped at 2ω0 = 8
GHz and operated at temperatures T  ∆/kB , with kB the
Boltzmann constant, we find that when operated in the phasesensitive mode this device can produce more than 30 dB of
gain and -20 dB of squeezing. On the other hand, operated
in the phase preserving-mode, it achieves 15 dB of gain with
an added noise close to the quantum limit and -14 dB of twomode squeezing, in both cases over a large bandwidth exceeding 4 GHz. Moreover, the gain and the squeezing bandwidths
are easily tuned by the dc-voltage and ac-pumping, allowing
for instance to achieve higher gain in a reduced yet sizable
bandwidth.
This article is organized as follows: In Sec. II we describe the input-output formalism used to characterize the
device. Section III A presents the results for an ideal SIS
junction for which the transport response rises steeply for
eV = 2∆ + n~ω0 . The effects of the low-frequency noise,
which captures most non-ideal effects, on the amplifier is described in Sec. III B. Final remarks are presented in Sec. IV.

MODEL

We consider a SIS junction in parallel with its capacitance
C and connected to a transmission line (TL), see Fig. 1(a).
The Hamiltonian of the device is Ĥ = Ĥqp + Ĥee + Ĥt ,
where Ĥqp describes the quasiparticles in the superconductors forming the junction, Ĥee is the electromagnetic environment Hamiltonian, which includes the TL and the capacitor C of the junction. The last term is the tunneling
Hamiltonian dressed by the environment and takes the form
Ĥt = T̂ (t) exp[ieΦ̂(t)/~] + h.c. with [40]
X
T̂ (t) =
tlr ĉ†l ĉr ei[eV t/~+ϕac (t)] ,
(1)
l,r

the tunneling operator transferring a quasiparticle from the
right (r) to the left (l) side of the junction. In this expression,
ĉr(l) is the annihilation operator of a quasiparticle in the right
(left) superconductor and tlr ≡ trl the tunneling probability
amplitude. The phase ϕac (t) = (eVac /2~ω0 ) sin(2ω0 t) takes
into account the ac-voltage. Finally, Φ̂(t) ≡ Φ̂(t, x = 0) is
the TL flux at the position of the junction. In the interaction
picture with respect to Ĥt , this flux is written in terms of the
incoming âin [ω] and outgoing âout [ω] fields as [37]
r
Z
~Z0 ∞ dω h
√ âin [ω]e−i(ωt+kω x)
Φ̂(t, x) =
4π 0
ω
i
−i(ωt−kω x)
+âout [ω]e
+ h.c. ,
(2)
√
with kω = ω L0 C0 the wave number and Z0 =
p
L0 /C0 the TL impedance defined in terms of its inductance L0 and capacitance C0 per unity of length. The
incoming (outgoing) field obeys the commutation relation
[âin (out) [ω], â†in (out) [ω 0 ]] = δ(ω − ω 0 ).
To characterize the radiation emitted by the junction, we
use the input-output formalism adapted to circuits coupled to
quantum conductors [30, 41, 42]. To obtain the input-output
boundary condition, the first step is to derive the Heisenberg
equations of motions for both TL charge and flux at the position of the junction (x = 0). The resulting equations are
combined to express current conservation
1 ∂ Φ̂(t, x)
¨
C Φ̂(t, x = 0) −
L0 ∂x

= IˆJ (t),

(3)

x=0

which connects the outgoing field to the incoming field and
the current of the junction IˆJ (t). Using Eq. (2), the above
equation can be expressed as an input-output relation
r
1 + iZ0 Cω
Z0
IˆJ [ω]
âout [ω] =
âin [ω] + i
, (4)
1 − iZ0 Cω
π~ω 1 − iZ0 Cω
where IˆJ [ω] is the Fourier transform of IˆJ (t). The current
IˆJ [ω] depends not only on the dc- and ac-voltages, but also
˙
on the TL voltage, V̂TL (t) = Φ̂(t), implying that IˆJ [ω] and
âin [ω] do not commute. To circumvent the non-commutation
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between IˆJ [ω] and p
âin [ω], we take advantage of the weak TLjunction coupling πZ0 /RK  1 (for a typical Z0 = 50Ω
TL impedance, with RK ' 25.8 kΩ the quantum of resistance), and compute IˆJ [ω] to second-order in the TL-junction
coupling [31, 41]. In the time-domain and for weak coupling
to the environment, the current operator takes the form
e2 t
(t)Φ̂(t),
IˆJ (t) = Iˆqp (t) + 2 Ĥqp
~

(5)

t
where Iˆqp (t) = i(e/~)(T̂ † (t)−h.c.) and Ĥqp
(t) = T̂ (t)+h.c.
are respectively the quasiparticle current and tunneling operators in the absence of TL voltage. The final step is to timeevolve IˆJ (t). Using linear response theory, the quasiparticles
operators are time-evolved, in the interaction picture, with the
interaction Hamiltonian Hint (t) = −Iˆqp (t)Φ̂(t). Once more,
we take advantage of the weak TL-junction coupling to expand the time-evolution operator to first-order. We further neglect quantum fluctuations of the current operator, and average over the quasiparticle operators in the terms proportional
to Φ̂(t). Under these approximations, the current operator is
written in frequency space as
X
IˆJ [ω] = Iˆqp [ω] +
Yn (ω − 2nω0 )V̂TL [ω − 2nω0 ], (6)
n

with Iˆqp [ω] and V̂TL [ω] the Fourier transforms of Iˆqp (t) and
V̂TL (t), respectively. The generalized admittance
Z
i
dω1 Sn (ω) − Sn (2nω0 − ω)
Yn (ω) = −
,
(7)
~
2π (ω1 + ω + i0+ )(ω1 + i0+ )
relates the current response at frequency ω to the TL-voltage
dynamics at frequency ω − 2nω0 [42]. The admittance is defined in terms of the photon-assisted current-current correlator
P
hIˆqp (ω)Iˆqp (ω 0 )i = 2π n Sn (ω)δ(ω + ω 0 − 2nω0 ) where
∞

1 X
Jn (ρ)[Jn1 +n (ρ)Seq (~ω + eV + 2n1 ~ω0 )
Sn (ω) =
2 n =−∞ 1
1

+ Jn1 −n (ρ)Seq (~ω − eV − 2n1 ~ω0 )]

(8)

is non-symmetrized photon-assisted current noise [31, 41,
42]. It is defined in terms of the Bessel function Jn (ρ =
eVac /2~ω0 ) and of the equilibrium current noise Seq (ω) =
2ehIˆqp,ω i/[1 − exp (−~ω/kB T )], with hIˆqp,ω i is the SIS junction quasiparticle current [43].
Equation (6) describes the linear response of the junction due to TL-voltage fluctuations. In the absence of acvoltage, the linear response is strictly local in frequency with
Yn6=0 (ω) = 0. On the other hand, the addition of the
ac-bias enables the response of Yn6=0 (ω) 6= 0 due to TLvoltage fluctuations at frequencies beating with the harmonics of the pump frequency 2nω0 . It is important to mention
that Yn6=0 (ω) is only different of zero for non-linear junctions [42]. Consequently, in this device, parametric interaction is due to the combination of both photon-assisted transport and non-linearity. For instance, the non-linearity converts a single pump photon of frequency 2ω0 into two photons of frequency ω0 [44]. In the SIS amplifier, this process

is given by ImY1 (ω), which describes the coherent conversion of 2~ω0 quantum of energy from the pump to two photons of frequency ω0 [31]. As the junction absorbs photons,
thereby introducing losses, the SIS amplifier has to be operated in the dc-voltage range in which parametric interaction,
which is related to Y1 (ω0 ), dominates over dissipative effects
∝ ReY0 (ω0 ). Fig. 1(b) illustrates the dc-voltage dependence
of Y1 (ω0 ) and ReY0 (ω0 ) for a weak pump amplitude eVac =
0.135 × 2~ω0 . We observe that Y1 (ω0 ) present strong discontinuities at eV = 2∆ + n~ω0 , which is a characteristic of
photon-assisted transport and non-linearity, while ReY0 (ω0 )
is weakly affected by the ac-voltage. Moreover, Y1 (ω0 ) is
larger than ReY0 (ω0 ) for eV < 2∆ − ~ω0 , which sets dcvoltage operational point of the device. Finally, it is important to emphasize that Iˆqp [ω] and Yn (ω − 2nω0 ) depend only
t
on the quasiparticles dynamics determined by Hqp + Hqp
(t),
and on the intrinsic characteristics of the junction, e.g., the
superconducting gap ∆ and normal state resistance RT , bias
conditions, and temperature.
Finally, replacing Eq. (6) into Eq. (4), we obtain the expression for the outgoing field in terms of the incoming field and
of the quasiparticles current operators
âout [ω + ω0 ] = rω âin [ω + ω0 ] + γω â†in [ω0 − ω]
+ αω Iˆqp [ω + ω0 ] + βω Iˆqp [ω − ω0 ],

(9)

∗
where rω = ∆−1
ω [P−,ω+ω0 P+,ω0 −ω + Aω ] is the reflection coefficient, with P±,ω = κ±,ω ∓ iω and κ±,ω =
(Z0−1 ± ReY0,ω )/C defining the total (+) and effective
(−) photon decay rate of the device. Here, terms proportional to Z0−1 and ReY0,ω are the internal TL decay rate at
which the junction absorb and emits photons, respectively.
The dependence of the reflection coefficient with paramet∗
ric term is given by Aω = Y1,ω−ω0 Y1,−ω−ω
/C 2 . Fi0
∗
nally, ∆ω = P+,ω+ω0 P+,ω0 −ω − Aω . Note that, we neglected a frequency shift contribution proportional to ImY0,ω .
In the secondp
term of Eq. (9), we have introduced γω =
2(Z0 C∆ω )−1 (ω0 − ω)/(ω + ω0 )Y1,ω−ω0 . Moreover, the
∗
coefficients of Iˆqp [ω ± ω0 ] are αω = µω ∆−1
ω P+,ω0 −ω , and
p
βω = µ∗ω ∆−1
πZ0 ~(ω + ω0 ).
ω Y1,ω−ω0 /C, with µω = i/C
Equation (9) is a central result of this paper and show that
the dc- and ac-voltage biased SIS junction acts as an amplifier
operating in reflection mode. More specifically, for a fixed
frequency ω 6= 0, the operators âin [ω + ω0 ] and â†in [ω0 − ω]
commute and can be seen as the input signal and the idler
mode operators of a phase-preserving amplifier [44, 45]. In
this mode, the gain is simply given by G(ω) = |rω |2 and the
three last terms of Eq. (9) correspond to added noise, which
limits the amplifier quantum efficiency. The added noise is
[23, 45]

1
1
4π 
A(ω) =
1−
+
|αω |2 S0 (ω + ω0 )
2
G(ω) G(ω)

+|βω |2 S0 (ω − ω0 ) + 2Re[αω βω∗ ]S1 (ω + ω0 ) ,
(10)

where the first two terms describe the noise added of an ideal
phase-preserving amplifier. The remaining terms are noise
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generated by the tunneling of quasiparticles, and they originate from absorption and emission processes of one and two
quantum of energy ~ω0 by the junction. The above equation
shows that, in the high-gain limit, the SIS amplifier is near
quantum-limited even in the presence of this quasiparticle
noise. Thus, to mitigate the effects of the quasiparticle noise,
the operational voltages of the device are such that these noise
terms [three last terms of Eq. (10)] are much smaller than the
parametric interaction. As illustrated in Fig. 1(b), the optimal
dc-voltage lies in the interval 2(∆ − ~ω0 ) < eV < 2∆ − ~ω0 ,
where absorption and emission processes by the junction,
∝ ReY0 (ω), are weak and parametric interaction, ∝ Y1 (ω),
is dominant.
For ω = 0, âin [ω0 ] and â†in [ω0 ] do not commute, and the
first two terms of Eq. (9) rather characterize an ideal phasesensitive amplifier [44, 45]. In this operational mode, the gain
G0 is defined as a combination of r0 , γ0 and the phases of the
input and output fields [23]. The added noise is given by a
linear combination of the two last terms of Eq. (9) and it also
depends on the input and output field phases [23].
To better characterize the radiation emitted by the SIS amplifier, we also compute the output power spectrum Sθ (ω),
defined in terms of h∆X̂θ [ω]∆X̂θ [ω 0 ]i = Sθ (ω)δ(ω + ω 0 ),
with X̂θ [ω] = e−iθ âout [ω + ω0 ] + eiθ â†out [ω0 − ω] the output
field quadrature with fluctuations ∆X̂θ [ω] = X̂θ [ω]−hX̂θ [ω]i
and θ the phase of the output field. Similarly to amplification,
the emitted radiation can be also characterized by single-mode
Sθ (ω = 0) < 1 or two-mode Sθ (ω 6= 0) < 1 squeezed state.
It is worth mentioning that to derive Eq. (9) we neglected
conversion processes where photons of frequency |ω| > 2ω0
are up- or down-converted to ω. This approximation is justified by the fact that the RT C time of the junction acts as a
high-frequency cutoff. For the results presented in the next
section, we take ωRC = 1/RT C = 2π × 30 GHz as a fixed
parameter of the junction, which is obtained for a normal state
resistance RT = 50Ω and C = 100 fF. In addition, a low-pass
filter can be used to filter all frequencies above 2ω0 . Since we
are interested in signals of frequency ω0  ∆/~ amplified
by operating the junction close to the onset of quasi-particle
transport eV ≈ 2∆, we also ignored current and noise terms
originating from the tunneling of Cooper pairs whose Josephson frequency ∼ 4∆/~  2ω0 would be efficiently filtered as
well.

III.

RESULTS

We first present results for an ideal SIS junction, with transport response rising steeply for voltages eV = 2∆ + n~ω0
as illustrated in Fig. 1(b). We then investigate how gain
and squeezing properties are affected by low-frequency noise,
which are smoothing out the transport response of the junction
and, consequently, diminishing the strength of the parametric
interaction.

FIG. 2. (a) Phase-sensitive gain and (b) single-mode squeezing as a
function of ∆/~ω0 for ω0 /2π = 4 GHz. The dashed line marks the
values for an Aluminum superconducting junction. For each value of
∆/~ω0 there are optimal ac- and dc-voltages that maximize singlemode squeezing. The optimal dc-voltage is always equal to eV opt .
2∆ − ~ω0 , while the optimal ac-voltage amplitude diminishes as
∆/~ω0 increases (not shown here).

A.

Ideal SIS junction

Before turning to the full amplification and squeezing frequency dependences, we first present results for ω = 0 which
corresponds to the phase-sensitive mode. Figs. 2(a) and (b)
illustrate, respectively, the phase-sensitive gain and singlemode squeezing as a function of ∆/~ω0 , when optimizing V
and Vac to maximize single-mode squeezing. Here, ∆ varies
while ω0 /2π is kept fixed and equal to 4 GHz. Already at
small ∆/~ω0 ' 2 we observe 15 dB of amplification and −10
dB of squeezing. As ∆/~ω0 increases, the strength of the nonlinearities giving rise to parametric interaction increases, thus
enhancing gain and squeezing as illustrated in Fig. 2. This
can be understood by the fact that Sn (ω) and, consequently,
Yn (ω) are proportional to ∆/RT in the limit of ∆/~ω0 → ∞.
Thus, increasing ∆ leads to an increase of the parametric interaction strength ∝ Y1 (ω). For ∆/~ω0 = 30, amplification and squeezing reach 43 dB and −25 dB, respectively. In
Fig. 2, the dashed-line corresponds to an Aluminum junction.
As expected, the optimal dc-voltage is eV opt . 2∆ − ~ω0
for all values of ∆/~ω0 (not shown). At this dc-voltage, the
susceptance ImY1 is larger than the dissipative contributions
∝ ReY0 , thus making the parametric interaction the dominant
process over dissipation, as illustrated in Fig. 1(b). It is interesting to note that V opt is also the optimal operational point
of SIS mixers [35]. On the other hand, the optimal ac-voltage
Vacopt decreases as ∆/~ω0 increases.
For the remainder of this article, we consider an Aluminum
SIS junction with ∆/~ω0 ≈ 10.9 for ω0 /2π = 4 GHz. In the
phase-sensitive mode (ω = 0), gain and squeezing are respectively ∼ 34 dB and ∼ −20 dB at the optimal operational point
(eV opt ≈ 20.762 × ~ω0 and eVacopt ≈ 0.06 × 2~ω0 ). Moreover,
the noise added by tunneling of quasiparticles is of the order
of 10−4 added photons, meaning that the amplifier operates
near the quantum limit.
We now investigate the frequency dependence of phase-
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FIG. 3. Aluminum junction (∆/~ω0 ≈ 10.9): phase-preserving
gain (a) and two-mode squeezing (b) as a function of the frequency
detuning from the pump frequency ω0 /2π = 4 GHz. We consider
a fixed ac-voltage amplitude Vac = 0.1 × 2~ω0 for three different
values of dc-voltages, V ≈ 2∆ − 1.2~ω0 (cyan line), V ≈ 2∆ −
1.5~ω0 (dark-blue line), and V ≈ 2∆ − 2~ω0 (black line). At ω =
ω0 , the amplifier is operated in the phase-sensitive mode.

preserving gain and two-mode squeezing, and how they are
controlled by dc- and ac-voltage amplitudes. First, we find
that for the optimal voltages, V opt and Vacopt , both gain and
squeezing vanish at finite detuning (ω 6= 0). This is explained by the fact that, at finite detuning, the absorption of
single photons is the dominant process already for eV =
2∆ − ~(ω + ω0 ) < V opt , while parametric interaction is dominant for eV . 2∆ − ~(ω + ω0 ). The response of the junction
at finite detuning ω is similar to the one presented in Fig. 1(b).
To achieve parametric amplification at finite detuning, we set
dc-voltage to a value smaller than V opt . In this case, there is
a frequency range [e(V − V opt )/~, e(V opt − V )/~] where the
parametric interaction is the dominant mechanism, leading to
phase-preserving amplification and two-mode squeezing at finite detuning. This frequency range defines the operational
bandwidth of the device.
Figure 3(a) illustrates the phase-preserving gain while panel
(b) shows two-mode squeezing as a function of the detuning (ω − ω0 )/ω0 for three different values of V and for
fixed eVac = 0.1 × 2~ω0 . These results show striking features. The first is that the bandwidth is controlled by the
dc-voltage and, as anticipated, equal to 2e(V opt − V )/~ for
2(∆−~ω0 ) < eV < 2∆−~ω0 . As expected, the largest bandwidth occurs for eV ≈ 2∆ − 2~ω0 . Both gain and squeezing
spectra are flat over a 4 GHz band, with more than 10 dB of
phase-preserving gain and -14 dB of squeezing. Moreover, the
broadband squeezing spectrum characterizes the generation of
far-separated two-mode squeezed states.
As mentioned before, the tunneling of quasiparticles also
generates noise preventing the amplifier from operating at the
quantum-limit. To further characterize the SIS junction parametric amplifier, we fix eV ≈ 2(∆ − ~ω0 ) and investigate
the impact of the ac-voltage amplitude on the gain and added
noise. Figs. 4(a) and (b) illustrate the gain and added noise
for three different values of Vac , respectively. The gain is observed to raise with increasing ac-voltage amplitude, while

FIG. 4. Aluminum junction (∆/~ω0 ≈ 10.9): Gain spectrum (a)
and added noise power spectral density (b) as a function of the frequency detuning from ω0 /2π = 4 GHz for V ≈ 2∆ − 2~ω0 and
three different values of ac-voltage amplitude, Vac ≈ 0.08 × 2~ω0
(cyan line), Vac ≈ 0.11 × 2~ω0 (blue line), and Vac ≈ 0.135 × 2~ω0
(black line). The dashed line marks the added noise for an ideal
phase-preserving amplifier. In this case, half-photon is added during
the amplification process. As the ac-voltage amplitude increases the
gain increases and the bandwidth is reduced. However, the added
noise still near the quantum limit for all values of Vac .

adding noise and decreasing the bandwidth. More importantly, gain can be significantly increased while the added
noise remains of the same order. For instance, increasing Vac
from 0.11×2~ω0 to 0.135×2~ω0 , the gain jumps from 14 dB
to approximately 30 dB, while the added noise remains practically the same. The bandwidth is reduced with the increased
gain, nonetheless it is of the same order of the measured bandwidth of the Josephson traveling wave parametric amplifier
[27]. The increase of both gain and added noise is due to the
enhancement of photon-assisted tunneling of quasiparticles,
which controls both parametric amplification and added noise
[three last terms of Eq. (10)]. However, even with the increase
of the added noise with Vac , the SIS amplifier operates near the
high-gain quantum limit of an ideal phase-preserving amplifier [dashed line in Fig. 4(b)] [44].
Finally, a higher degree of amplification and squeezing can
be obtained by fabricating a junction with normal state resistance smaller than 50 Ω. However, due to the impedance
mismatch between the junction and the TL, the bandwidth
goes to zero as RT diminishes. This can be understood by the
fact that internal reflections of the microwave signal, caused
by the large impedance mismatch, can interfere destructively,
thereby destroying the coherent coupling between the signal
(âin [ω + ω0 ]) and the idler (â†in [ω0 − ω]) frequency modes.
Also, as shown in Fig. 2, a SIS junction with large superconducting gap leads to higher gain and squeezing. For instance,
a Niobium junction (∆/h ∼ 750 GHz) would, in principle,
generate higher gain and squeezing than an Aluminum junction.
Finally, a higher degree of amplification and squeezing can
be obtained by fabricating a junction with normal state re-
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sistance smaller than 50 Ω. However, due to the impedance
mismatch between the junction and the TL, the bandwidth
and gain goes to zero as RT diminishes. Also, as shown in
Fig. 2, a SIS junction with large superconducting gap leads to
higher gain and squeezing. For instance, a Niobium junction
(∆/h ∼ 750 GHz) would, in principle, generate higher gain
and squeezing than an Aluminum junction. Moreover, the operational bandwidth could be extended to the THz range with
NbSi or NbN junctions.
B.

Effects of low-frequency noise

The results presented in the previous section were obtained
considering an ideal SIS junction in the low-temperature limit
kB T  2∆ for which the transport response rises steeply for
eV = 2∆ + n~ω0 [33]. However, this is an idealized situation and, in practice, temperature or low-frequency noise can
smoothen the transport response. Here, we consider the effects of low-frequency noise on gain and squeezing properties
of the SIS amplifier. These effects are included by assuming
that the junction interact with a low-frequency electromagnetic environment [46] and that the transport properties are
described by the P (E)-theory [43]. Indeed, this approach has
been shown to quantitatively explain the finite Dynes tunneling density of states, usually observed below the dc-transport
gap in a normal-insulator-superconductor junctions and the
corresponding smoothing of the BCS coherence peak [33, 47].
In this approach, the low-frequency noise modifies the equilibrium noise current noise to
Z ∞
eff
Seq (ω) =
Seq (~ω − E)P (E)dE,
(11)
−∞

where P (E) is the probability density of a tunneling electron
emitting energy and takes the form for low-frequency noise
[43]


1
(E − Ec )2
P (E) = √
exp −
,
(12)
4Ec kB T
4πEc kB T
with Ec = e2 /2Cbt is the capacitor charging energy. This
model is justified by the fact that the low noise biasing scheme
consists of a resistive voltage divider followed by large capacitive filtering [46, 48]. The low-frequency impedance is
thus the parallel combination of a resistance with a large capacitance Cbt . This filtering scheme reduces the bandwidth
over which low-frequency voltage noise can develop to the
kHz range [48], making the low-frequency voltage fluctuations fully classical. With this model, the theory developed in
Sec. II remains the same except for the replacement of Seq (ω)
eff
by Seq
(ω) in Eq. (8).
Figure 5 illustrates the resulting effect on both (a) gain and
(b) squeezing for Cbt ∼ 1 nF (dark-blue line) and Cbt ∼ 10 pF
(light-blue line) corresponding to an efficient and inefficient
low-frequency noise filtering scheme, respectively. These results are compared with the ideal case (dashed-line), where
the junction does not interact with the low-frequency environment. For an Aluminum junction (∆/~ω0 ≈ 10.9) and

FIG. 5. Aluminum junction (∆/~ω0 ≈ 10.9): Gain (a) and squeezing (b) as a function of frequency detuning in the presence (solid
lines) and in the absence (dashed line) of low-frequency electromagnetic environment. The two solid lines illustrate an efficient
(Cbt ∼ 1 nF - blue line) and inefficient (Cbt ∼ 10 pF - cyan line)
low-frequency noise filtering scheme. As expected, for an efficient
filtering scheme, both gain and squeezing are quantitatively equal to
the result obtained in absence of low-frequency electromagnetic environment.

T = 15 mK,
p Cbt ∼ 1 nF corresponds to rms voltage fluctuations of kB T /2Cbt ∼ 11 nV (dark-blue line), the gain
and squeezing are only weakly affected by the low-frequency
environment which is efficiently filtered. The effect of loweff
(ω) is illustrated in the inset of Fig. 5.
frequency noise on Seq
eff
For Cbt ∼ 1 nF, Seq (ω) is almost indistinguishable from the
ideal case (dashed line), a signature that the low-frequency
noise is efficiently filtered. On the other hand, under less efficient filtering, Cbt ∼ 10 pF corresponding to ∼ 0.1 µV rms
voltage fluctuations (light-blue line), the equilibrium current
noise rises smoothly and its behavior near 2∆/~ deviates from
the ideal case (see inset). In this case, low-frequency noise diminishes both gain and squeezing amplitudes (light-blue line).
However, the bandwidth is only weakly modified.

IV.

CONCLUSIONS

We have proposed a near-quantum-limited broadband amplifier and squeezer based on the photon-assisted tunneling
of quasiparticles in a SIS junction. This device can function
as a phase-sensitive or phase-preserving amplifier. The gain
can be tuned by the dc- and ac-voltages amplitude to reach
30 dB over 2 GHz or 14 dB over 4 GHz. This device is also
a source of two-mode squeezing with bandwidth over more
than 4 GHz and −14 dB of squeezing. Moreover, gain and
two-mode squeezing can be fine -tuned in-situ by changing
the pumping tone frequency and dc-voltage bias. Therefore,
the design and fabrication simplicity of this SIS amplifier, together with its operational mode flexibility, makes it a versatile near-quantum-limited microwave amplifier and squeezer,
which can be easily integrated in many quantum microwaves
experiments.
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